A NOTE ON A PAPER OF BERNARD CHARLES (ETUDE SUR LES SOUS-GROUPES D'UN GROUPE ABELIEN) $ CHARLES MEGIBBEN
(Auburn, Alabama).
All groups considered in this note are assumed to be p-primary abelian groups. All statements of a topological nature will refer to the usual p-adic topology, that is, the topology on the group G obtained by taking as neighborhoods of 0 the subgroups p 1 G where i is a natural number. G [p] will denote the socle of G and G' the subgroup of elements of infinite height.
Bernard CHARLES [1] has published an incorrect proof of the following conjecture : if G is a p-primary abelian group without elements of infinite height and if H is a subgroup of G then there is a minimal pure subgroup of G containing H provided that either (1) HCG[p]', or (2) there is a subgroup D of H which is dense in H (relative to the topology of G) and pure in G.
The conjecture is indeed false, and Thomas HEAD [2] has recently given a counter-example to case (2) . We wish to show that condition (i) is not sufficient either for the existence of such a minimal pure subgroup.
PROPOSITION. -If K is a minimal pure subgroup of G containing the subgroup H of G then K[p]===H[p] provided either conditions
PROOF. -Assume first that D is pure in G and dense in H. If K is a minimal pure subgroup of G containing H then (see [2] Clearly then if G 1 == o, the existence of a subgroup PC G[p] such that G contains no pure subgroup having P as its socle will yield a counter-example to case (i) of Charles' proposition. We observe that such a P C G [p] will also contradict case (2) as the construction used in the proof of the second half of the above proposition indicates. Finding such an example however seems to be fairly difficult. For example, G cannot be a direct sum of cyclic groups, nor can it be a closed p-group. Moreover P can be neither countable nor dense in G [pj.
We proceed now to construct such an example. Let { a,} be a cyclic group of order p' Finally, as it may be of some interest, we mention that -although G and K have the same socle in H -each subgroup of K [p] serves as the socle of some pure subgroup of K.
